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Two methods of partitioning an n-dimensional hypercube are considered. 
In the first method, referred to as the Stirling partitioning, we define I-dimen- 
sional partitions (I-partitions) which are defined in the 2-dimensional case by 
x1 < xz , x2 < x1 , and xa = x1 . We show that (n - k)-partitions are enumerated 
by the numbers rmL = (n - k)! S;-‘, where S;-” is the Stirling number of the 
second kind. In the second method, referred to as the Eulerian partitioning, we 
define k-boundary n-partitions as unions of n-partitions with their (n - l)- 
through (n - k)-partition boundaries. In the 2-dimensional case the 0 and 1 
boundary 2-partitions are x1 < x2, x2 < x1 . We show that k boundary n- 
partitions are enumerated by the Eulerian numbers E,,n. We apply these results 
to several combinatorial identities. 
1. INTRODUCTION 
We consider two methods for partitioning an n-dimensional hypercube 
(n-cube) with m lattice points along each coordinate axis x1x2 ... x, . 
In Section 2 we develop the Stirling partitioning, which involves Stirling 
numbers of the second kind. In Section 3 we develop the Eulerian parti- 
tioning, which involves the Eulerian numbers [I, 2, 3, 41. In the concluding 
section we apply the results to several combinatorial identities involving 
Stirling and Eulerian numbers. 
In the Stirling partitioning we define I-dimensional partitions (I-parti- 
tions) which are defined in the 2-dimensional case by x1 < xe , x2 < x1 , 
and x2 = x1. We show that (n - k)-partitions of the n-cube are 
enumerated by the numbers Tnk = (n - k)! S,“-” where S:-” is the Stirling 
number of the second kind. 
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In the Eulerian partitioning we define k boundary n-partitions as unions 
of n-partitions with their (n - 1)-through (n - k)-partition boundaries. 
In 2-dimensions the 0 boundary 2-partition is x1 -=c x2, while the 
1 boundary 2-partition is x, < x1 . We show that k boundary n-partitions 
are enumerated by the Eulerian numbers E,“. 
These results are used to express m” as a sum over Stirling numbers 
and over Eulerian numbers. Finally, we express E,” as a sum over Tnl, 
and the inverse. 
2. STIRLING PARTITIONS OF THE ~-CUBE 
An n-dimensional cubic lattice with m points on a side can be parti- 
tioned into disjoint sets by the following equivalence relation between 
points of the cube. The equivalence class of a point with coordinates 
XIX2 *** xra is determined by ordering the coordinates by increasing 
magnitude starting from the left. If two or more coordinates assume the 
same value we apply the convention that these coordinates be written with 
indices in decreasing order from left to right. Two points are in the same 
equivalence class if the final order of their coordinates is the same permu- 
tation of xlxz .+* x, and if any equalities between coordinates occur in 
the same positions. If k equalities occur between the n coordinates then 
the points belonging to this equivalence class form an I = (n - k)- 
dimensional partition of the n-cube, which will be referred to as an 
I-partition. 
The Z-partitions of the n-cube, corresponding to these equivalence 
classes, can be recursively constructed from the I-partitions of the (n - l)- 
cube. The recursion starts from the 2-dimensional case x1 < xz , x2 < x1 , 
xz = x1 . The method of construction enumerates the I-partitions of the 
n-cube in a natural way. 
Assume the number of (n - k)-partitions in an n-cube is Tnk for 
k = 0, l,..., n - 1. The number of n-partitions and l-partitions provide the 
boundary conditions Trio = n ! and 7i-l = 1. Given inequalities defining 
the (n - k - l)-partitions of the (n - I)-cube for k = 0, l,..., n - 2, 
the (n - k)-partitions of the n-cube are constructed by appending the 
symbol xn = once to the left of Ttk_: (n - k)-partitions, and by replacing 
n - k - 1 occurrences of the symbol -=c by the symbol < x, = in the 
same partitions, thus constructing (n - k) T,“::(n - k)-partitions of the 
n-cube. Other (n - k)-partitions of the n-cube can be constructed by 
including the symbol <x, once to the right of 7,!-, (n - k - 1)-partitions, 
including the symbol X,-C once to the left, and replacing n - k - 2 
occurrences of the symbol < by <x,<, thus constructing (n - k) T,kel 
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(n - k)-partitions of the n-cube. The number of (n - k)-partitions of the 
n-cube constructed in this way is thus: 
Tnk = (n - k)(T&, + T:::). (1) 
We note that substitution of Tnk = (n - k)! SIPk results in the recursion 
for the Stirling numbers of the second kind, since the number of (n - k)- 
partitons of the n-cube is the number of ways the n coordinates can be 
arranged into n - k non-empty sets of equal valued coordinates times the 
number of permutations of the n - k sets of equal valued coordinates. 
By induction we now show that the number of lattice points contained 
in an I-partition is (7). In 2 dimensions this is clearly true for the l-par- 
tition X, = x1 and the 2-partitions X, < x2 and xz < x1 . An (I - l)- 
partition x, < xg < *** xi-I assumed to contain (&) points can be 
extended to an Z-partition x1 < x2 < ... < x1-r < x1 by stacking (I - I)- 
partitions along the x2 axis. Summing for x1 = m, m - I,..., I- 1 we 
obtain: 
(71,‘) + (;‘I?) + *.. + (:I :, = (7). (2) 
3. EULERIAN PARTITIONS OF THE n-CUBE 
The Eulerian partitions of the n-cube can be developed using themethods 
of the previous section. The equivalence class of a point with coordinates 
x1x2 ... x, is determined by ordering the coordinates by increasing 
magnitude starting from the left. If 2 or more coordinates assume the 
same value they are written with indices in decreasing order. Two points 
are in the same equivalence class if the final order of their coordinates is 
the same permutation of xlxz ... x, . The partitions corresponding to 
these equivalence classes are n-partitions which are allowed to include 
lower dimensional partitions which bound them. If an n-partition includes 
k of its (n - I)-partition boundaries, it will be called a k boundary 
n-partition. 
The k boundary n-partitions are recursively constructed from the k and 
(k - 1) boundary (n - 1) -partitions. The construction starts from the 
2-dimensional case x, < x2 , x2 < x1 . Assume the number of k boundary 
n-partitions is Enk for k = 0, I,..., n - 1. The number of 0 and (n - 1) 
boundary n-partitions provide conditions En0 = E,“-’ = 1. Given k and 
(k - 1) boundary (n - I)-partitions, the k boundary n-partitions are 
constructed by including x, < once to the left of E,“:: (k - 1) boundary 
(n - I)-partitions, and by replacing n - k - 1 occurrences of < by 
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<x,<. The k boundary n-partitions can also arise from including <x, 
once to the right of Ei-, k boundary (n - l)-partitions and by replacing 
k occurrences of < by <x,9. Counting the total number of ways that 
k boundary n-partitions can arise we have the recursion of the Eulerian 
numbers [l, 2, 31: 
E,’ = (k + 1) E;-, + (n - k) E:Z; . (3) 
We now ask how many (n - &partitions are contained in a k boundary 
n-partition provided 1 = 0, l,..., k. A k boundary n-partition has k 
symbols <. These symbols can be taken as strict equalities 1 at a time, 
with the remaining k - 1 taken as strict inequalities. This gives II - 1 - 1 
symbols < and 1 symbols =, which defines an (n - /)-partition. Thus the 
number of (n - l)-partitions contained in a k boundary n-partition is (f). 
We now determine the number of points contained in a k boundary 
n-partition. The number of points contained in an n-partition is (E). The 
number of points contained in each of its (F)(n - I)-partition boundaries 
is (nYJ. Thus the total number of points contained in a k boundary 
n-partition is: 
i C)(,“_ 1) = (” i- “1. (4) 
4. CONCLUSION 
The numbers Tnk = (n - k) ! SE-” enumerate (n - k)-partitions, where 
Sz-’ is the Stirling number of the second kind. Summing the number of 
(n - k)-partitions times the number of points contained results in the 
familiar identity: 
(5) 
The Eulerian numbers Enk enumerate k boundary n-partitions, resulting 
in the identity [4]: 
nP = nfl (” T “) En”. 
k=O 
The number Tnk enumerates (n - k)-partitions, which are by necessity 
contained within k or higher boundary n-partitions. The number En1 
enumerates 1 boundary n-partitions, while (i) is the number of (n - k)- 
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partitions contained in an I boundary n-partition. We thus have the 
identity: 
(7) 
Since there is exactly (3 = 1 (n - k)-partition contained in each 
k boundary n-partition, the number En" also enumerates (n - k)-partitions 
excluded from (k + 1) or higher boundary n-partitions. The number Tnl 
enumerates (n - /)-partitions contained in 2 or higher boundary n-par- 
titions, and each (n - I)-partition is contained in exactly one I boundary 
n-partition. The number (i) is the number of (n - k)-partitions in an 
I boundary n-partition. The product (jJ Tnz thus enumerates (n - k)- 
partitions contained in I or higher boundary n-partitions. By the principle 
of exclusion we thus have the identity: 
En" = F' (-l)k+z i;) Tsz. 
The identities (5) through (8) provide examples of some of the possible 
combinatorial relations that can be developed through the Stirling or 
Eulerian partitioning of the n-dimensional hypercube. 
Finally, we would like to thank the referee for his excellent advice, 
and Mr. Paul Madden for a discussion which initiated our interest in 
this topic. 
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